In this study, we numerically and experimentally investigate application of birefringent filters (BRFs) as frequency selective elements in multicolor lasers. A BRF plate made out of crystalline quartz with an arbitrarily oriented optical axis has been explored. Simulation results have shown that compared to regular BRFs where the optical axis lies in the plane of the plates surface, a BRF with an optical axis pointing out of its surface enables design flexibility in filter parameters, providing access to a wider set of free spectral range and bandwidth values. As a result, multicolor operation could be obtained in many wavelength pairs using a single BRF plate. In the experiments a 3-mm thick quartz BRF with an optical axis 45° to the surface plane has been used. With Cr:Nd:GSGG as a laser medium two-color and three-color cw laser operation has been demonstrated in 11 and 3 different transition combinations, respectively. Moreover, two-color laser operation has been demonstrated in 10 different wavelength pairs in Cr:LiSAF. To our knowledge, this study is the first detailed investigation and experimental demonstration of BRFs with tilted optical axis for multicolor operation of solid-state lasers. Compared to other methods, BRFs enable a rich selection of transition pairs and also the ratio of the power in each line could be regulated by fine adjustment of the rotation angle. Implementation of tilted-axis BRFs should boost development of efficient and low-cost multicolor lasers in other gain media as well. 449-451 (1997). 6. S. Pan, X. Zhao, and C. Lou, "Switchable single-longitudinal-mode dual-wavelength erbium-doped fiber ring laser incorporating a semiconductor optical amplifier," Opt. Lett. 33(8), 764-766 (2008). 7. C. W. Chow, C. S. Wong, and H. K. Tsang, "All-optical NRZ to RZ format and wavelength converter by dualwavelength injection locking," Opt. Commun. 209(4-6), 329-334 (2002). Express ; 25 (2017 25 ( ), 3. -S. 2594 25 ( -2607 25 ( http://dx.doi.org/10.1364 202-208 (1985). 33. S. Zhu, "Birefringent filter with tilted optic axis for tuning dye lasers: theory and design," Appl. Opt. 29(3), 410-415 (1990). 34. X. Wang and J. Yao, "Transmitted and tuning characteristics of birefringent filters," Appl. Opt. 31(22), 4505-4508 (1992). 35. H. Wu, C. Zhang, and X. Bai, "A complete description of polarization and transmission of nonnormal incident rays in a uniaxial birefringent plate with arbitrary optic axis," Opt. Commun. 283(21), 4129-4134 (2010). 
Introduction
Dual-wavelength and tri-wavelength (multicolor) operation of solid-state lasers in continuous-wave, Q-switched and mode-locked regimes has been attracting great deal of attention [1] . This is due to the need for such sources in application like generation of coherent terahertz (THz) waves [2] [3] [4] , generation of ultrahigh pulse repetition rates by optical beating [5] , optical communication [6, 7] , remote sensing [8] , digital holographic microscopy [9] , laser ranging [10] , and coherent anti-Stokes Raman scattering microscopy [11] . Simultaneous dual/tri-wavelength laser operation have been shown in many solid state laser gain media including Nd:YAG [1, 12] , Nd:CNGG [13] , Nd:CLTGG [14] , Nd:YVO4 [15] , Nd:GdVO4 [16] , Nd:GGG [17] , Nd:YAlO3 [18] , Nd:NGAB [19] , Yb:YAG [20] , Tm:YAP [21] , Cr:LiCAF [22] , Cr:LiSAF [23] , Alexandrite [24] , Tm:CaYAlO 4 [25] , Tm:Ho:Er:YAG [1] , and Ti:Sapphire [26] . Most of these systems report dual/triple wavelength operation in a few pairs of lines. Also, the ratio of the power in each line varies with external factors such as pump power, and could not be controlled easily. Moreover, variation of the output coupler percentage also creates shift of multicolor laser wavelengths [27] . These drawbacks are due to the method used for frequency selection, where operating in multi-wavelength regime require specially coated cavity optics and/or coupled cavities, which can usually be optimized for a single transition pair at a fixed pump power and output coupling.
Regular birefringent filters where the optical axis lies in the plane of the plate have been recently used in generation of dual-wavelength radiation from cw Yb:KGW lasers [27] . However, the free-spectral range of regular birefringent filters does not vary a lot with the rotation angle of the plate, limiting the set of THz frequencies that can be achieved in [27] . For example, a frequency difference of 7.57 THz (1014.6 nm and 1041.3 nm) has been demonstrated using a 4-mm-thick BR filter in [27] , and accessing other different frequency values required use of BR filters with different thicknesses. A multiple-plate BRF was also employed to obtain dual-wavelength cw operation in Ti:Sapphire [28, 29] . In our experiments, a 3-mm-thick quartz crystal birefringent filter with an optical axis tilted 45° with respect to the plate's surface has been used for spectral selection. Compared to regular BRFs where the optical axis lies in the plane of the plate, a BRF with an optical axis pointing out of its surface enables access to a wider set of free spectral range and filter bandwidths [30] [31] [32] [33] [34] [35] . This fact eliminates the need to change the thickness of BR filter to access different multicolor wavelength pairs. In the experiments we have investigated multicolor laser operation with our BRF using Cr:Nd:GSGG and Cr:LiSAF gain media. In continuous-wave laser experiments with Cr:Nd:GSGG, we have achieved quite stable lasing in 11 different line pairs in dual-wavelength operation, and in 3 different groups of triple lines in tri-wavelength operation. Obtaining stable multicolor laser operation with Cr:LiSAF was more challenging due to the broadband nature of the gain, but as it was also recently demonstrated by Akbari et al in [27] with Yb, the method was still applicable and high-quality two-color cw output has been demonstrated in 10 different lines. Simple rotation of the BRF plate enabled adjustment of the power in each line. To our knowledge, this is the first report of multi-wavelength operation in a Cr:Nd:GSGG laser. Moreover, to our knowledge such diversity in wavelength selection has not been achieved before from any Nd-based system. Results with Cr:LiSAF confirm that the method can also be applied to broadband solid-state gain media. These experiments verify the advantages of BRFs with an optical axis pointing out of its surface as frequency selective elements in multicolor lasers. We believe that multicolor lasers systems based on birefringent filters may work quite well for other laser concepts as well.
Theoretical background and simulation results
In this part, with our numerical simulation results, we would like to present filtering properties of laser resonators that contain a uniaxial birefringent plate with an arbitrary optical axis. In particular, we show that the usually employed birefringent filters which have its crystal axis oriented within the surface of the plate can provide a limited range of filter parameters (such as free spectral range and bandwidth). On the other hand, if the crystal axis is chosen correctly, a single birefringent plate could offer a rich range of filter parameters from a single-element filter. Basically, as the BRF is rotated about an axis normal to the surface, one can attain different values of free spectral range and bandwidth from the BRF. Then accessing different filter parameters only requires adjustment of the plate's rotation angle correctly. As a result from a single BRF, one can obtain many different filter parameters, rendering these filters quite useful for many applications such as broadband cw and femtosecond tuning as well as multicolor laser operation, which will be the focus of this paper. As a starting point, Fig. 1(a) shows the particular situation that we would like to investigate here. We assume that our cavity contains a birefringent tuning plate (BR plate) that is placed at Brewster's angle inside the cavity. The cavity also contains a laser crystal that is inserted at Brewster's angle as well (this is not necessary and a flat-flat crystal with antireflective coatings could also be used, but a Brewster-cut crystal helps to increase the selectivity of the birefringent filter by increasing the modulation depth). The birefringent filter will transform the incident TM polarized light into some elliptical polarization that will contain both TM and TE modes. The Brewster surfaces of the laser crystal and the birefringent plate will create loss for the TE polarized part of the beam. Figure 1(b) shows a detailed view of the birefringent filter, where we have followed the notation that was introduced in [32] . The incident ray, the light's path inside the crystal and the orientation of the crystal ( c  ) are all shown. Note that the axis of the birefringent plate ( c  ) is arbitrarily oriented and does not lie in the plane of the plate's surface. In Fig. 1(b) , t is the thickness of the plate, β is the internal Brewster's angle (around 33° in quartz around a wavelength of 1 μm), s  is the direction of beam propagation in the plate, ρ is the rotation angle of the plate, γ is the angle between the crystals axis and the beam propagation direction and σ is the angle between the optical axis and the surface normal (when σ = 90°, the optical axis lies on the surface of the plate, which is what is typically employed in birefringent filters). As we have mentioned, the BR plate will change the polarization of the intracavity laser beam, creating a wavelength dependent loss. Besides the wavelength (λ), this loss will also depend on the thickness of the birefringent plate (t), the rotation angle of the birefringent filter ρ, as well as well as the angle between the optical axis and the surface normal (σ). Theoretical details of transmission characteristics of such laser systems containing birefringent filters have been studied in detail earlier [30] [31] [32] [33] [34] [35] and will not be repeated here. In the following, we will present numerical simulation results that are based on Jones matrix analysis of the entire cavity. We will mostly elaborate on the importance of the orientation of the plate optical axis in determining filtering characteristics of the system especially for multicolor laser operation applications. As an example, Fig. 2 (a) shows the calculated transmission properties of a Cr:Nd:GSGG laser operating around 1 μm that contains a 3-mm-thick crystal quartz birefringent plate with an optical axis tilted 45° with respect to the plate's surface (the angle is chosen as σ = 45° here, since such a BRF filter was available to us and therefore used in the experiments). Both the birefringent plate and the gain medium were assumed to be inserted at Brewster's angle. The transmission is calculated for several different rotation angles ρ of the birefringent plate in the range from 15° to 115°. In the experiments, changing ρ refers to rotation of the BRF about an axis normal to the surface, as shown in Fig. 1(b) . Also, the results are symmetric for ρ values of 0°-180° and 180°-360°; hence, we will focus only on the 0°-180° range here. Note from Fig. 2 that as the plate's rotation angle is varied, the filter properties such as modulation depth, free spectral range and full-width-half-maximum (FWHM) of the transmission peaks change considerably. As an example, when ρ = 15°, the filter has a FWHM of 75 nm and a modulation depth of around 45%. On the other hand, ρ = 115° provides a similar modulation depth but has a FWHM of around 5 nm. Hence, when its optical axis is not oriented parallel to its surface, the same filter could provide quite different filter functions at different values of rotation. For comparison, Fig. 3 shows the calculated transmission in the same wavelength region for a regular birefringent plate with an optical axis on the surface of the plate (σ = 90°, all the other parameters are same as Fig. 2 ). Note that for this case, the free spectral range and the full-width-half-maximum of the filter stay nearly the same and are not strong functions of the rotation angle ρ. Hence, such a filter offers limited flexibility compared to an BRF with an optical axis pointing out of its surface.
As we have discussed above using Fig. 2 and Fig. 3 , compared to a regular BRF plate, a BRF plate with an optical axis pointing out of plate's surface provides a wider range of filter parameters. This observation can also be seen from Fig. 4 which plots the variation of freespectral range (FSR), FWHM and modulation depth as a function of plates rotation angle ρ around the 1 μm region for the plate with an optical axis tilted 45° with respect to the plate's surface (σ = 45°). First of all, consistent with the observations from Fig. 2 , there are two regions where the modulation depth is high, which is necessary for the plate to be useful for many of the tuning applications (one narrow band region around ρ = 15° and another broadband region around ρ = 115°). As may be seen from From an alternative perspective, Fig. 5 shows the calculated transmission of the system at a fixed wavelength of 1061 nm (coinciding with the gain peak of Cr:Nd:GSGG) as a function of plate's rotation angle. The transmission is calculated for two different σ angles: (a) 45° and (b) 90°. We would like to remind here that σ is the angle between the optical axis and the surface normal and σ = 90° refers to a typical birefringent plate with an optical axis that lies on the surface of the plate. Note that as the birefringent plate is rotated, the incident wave at 1061 nm sees several transmission maxima (where the birefringent plate does not change the incident polarization state). Note that, for the plate with a σ of 45° [ Fig. 5(a) ], around each of this transmission maxima (27 different orders), the filter characteristics are different and one can attain different FWHM and FSR values. On the other side, for the typical birefringent plate with an optical axis that lies on the surface [σ = 90°, Fig. 5(b) ], there are lower number of orders (20) , and transmission maxima are distributed quite evenly (similar FSR) with each order having a similar width (FWHM). To elaborate on this issue further, Fig. 6 shows the calculated variation of filter free spectral range and modulation depth as a function of filter rotation angle ρ. The calculation has been performed for several different optical axis orientations σ in the range from 0° and 90°. When σ = 0°, the plate's crystal axis is perpendicular to the plate surface, and hence the BR plate does not change the polarization state of the incident beam at all, yielding a modulation depth of 0 and the calculated free spectral range does not have any physical significance. As mentioned when σ = 90°, the plate's crystal axis lies on the surface of the plate, and as can be seen the free spectral range value varies in a narrow range (30-45 nm) . On the other hand, when σ = 45°, the FSR varies in a much wider range between 35 and 725 nm, and this makes the filter useful for a broader array of applications. We note here that, as we mentioned earlier, all the values of this FSR might not be accessible, since the modulation depth might be too low for some cases. Lastly, as σ gets closer to β (the internal Brewster's angle), the direction of beam propagation s  gets closer to the direction of crystals c axis ( c  ), γ approaches an angle of 0° and one can attain very large free spectral range values. However, in such a case the FWHM of the filter is also very large, which might not be optimum for tuning applications.
In this work, we are interested in use of birefringent filters in multicolor laser operation applications. For example, assume one wants to obtain a two-color Cr:Nd:GSGG laser operating at the wavelengths of 1058 nm and 1061 nm. Looking at the emission spectrum, the line of Cr:Nd:GSGG around 1061 nm is stronger than the line at 1058 nm. Hence one needs to create some loss at 1061 nm to push the laser to operate at two colors simultaneously (to roughly equalize the net gain at both transitions). Moreover, one may want to fine tune the net gain in each wavelength to adjust the laser power in each lasing line. Hence, ideally one needs a filter that potentially could enable a wide range of loss modulation. In that respect, since the birefringent filters with optical axis pointing out of the surface enables access to a wider selection of filter parameters such as free spectral range and filter bandwidth, they are better suited for multicolor laser operation applications. A wider set of filter parameters from a single BR plate: (i) enables multicolor operation in many different wavelength pairs, (ii) permits better adjustment of power at each wavelength in multicolor operation, and (iii) in some cases might improve the stability of the multicolor laser. In the following, we will present experimental data taken with Cr:Nd:GSGG and Cr:LiSAF lasers that confirm the expectations of our simulation results. Figure 7 shows a schematic of the Cr:Nd:GSGG and Cr:LiSAF lasers that were used to demonstrate the potential of birefringent filters with a c-axis pointing out of plane in obtaining cw multicolor laser operation. The lasers were pumped by four 665 nm, linearlypolarized 1.8-W single-emitter multi-mode diodes (MMD-1 to MMD-4). The output of the multimode diode lasers were first collected and collimated with aspheric lenses of a focal length of f = 4.5 mm and then focused inside the laser crystals to a spot size of around 25 μm × 70 μm using 100 mm focal length achromatic doublets. An astigmatically compensated Xtype cavity consisting of two curved pump mirrors (M1 and M2, R = 75 mm), a flat end mirror (M3) and output coupler (OC) were employed for both lasers. The cavity mirrors (M1-M3) for Cr:Nd:GSGG had a reflectivity bandwidth extending from 845 nm to 1120 nm and a transmission of ∼97% at the pumping band. The cavity mirrors (M1-M3) for Cr:LiSAF had a reflectivity bandwidth extending from 730 nm to 1030 nm and a transmission of ∼98% at the pumping band. Short and long cavity arm lengths were 25 cm and 30 cm, respectively. As the gain media, we have used (a) a 8.15 mm long, 0.25% Cr and 0.015% Nd-doped Cr:Nd:GSGG crystal and (b) a 20-mm-long, 0.8% Cr-doped Cr:LiSAF crystal. The Cr content in Cr:Nd:GSGG enables pumping by visible red diodes, whereas the Nd content enables laser emission in the well-known emission wavelengths of the Nd ion. Both crystals were Brewster-cut to minimize laser reflection for the TM polarized intracavity laser beam. The Cr:Nd:GSGG sample absorbed 98.5% and 65% of the incident TM and TE polarized pump light, respectively (34% of the incident pump power was lost due to Fresnel reflections for TE polarization). The Cr:LiSAF crystal absorbed about 98% and 86% of the incident TM and TE polarized pump light, respectively (10% is lost for TE). The laser crystal holders were cooled to 15 °C with a circulating water chiller. For multicolor laser operation a 3-mm-thick crystal quartz birefringent filter (BRF) with an optical axis 45° to the plate's surface plane has been used for both gain media. The birefringent filter was inserted at Brewster's angle into the cavity. During the experiments, the BRF was rotated about an axis normal to the surface to optimize its filtering properties for the desired operation regime. In this section we present our multicolor laser operation results taken with the Cr:Nd:GSGG gain material. We will start this section with the regular continuous-wave laser results, meaning laser data taken in the usual single-wavelength operation regime. Figure 8 (a) shows sample cw laser efficiency curves taken using 1%, 3% and 5.4% transmitting output couplers.
Experimental setup

Experimental results
Multicolor laser operation with Cr:Nd:GSGG
As an inset, laser slope efficiencies obtained with respect to absorbed pump power were also indicated for each output coupler. The best laser performance was attained using the 5.4% output coupler, where we have obtained cw powers as high as 738 mW at an absorbed pump power of 4.6 W. On the other hand, to demonstrate tuning at more wavelengths or wavelength pairs, we have used the 3% transmitting output coupler in tuning experiments. With this output coupler, we have measured a laser threshold of 62 mW, and acquired a slope efficiency of 16.2%. The laser produced up to 496 mW of cw laser output at an absorbed pump power of 4.6 W. The free running laser wavelength was 1061 nm (with free running we mean for the cavity without the BR plate). When the BR plate was inserted into the cavity, the laser power at 1061 nm decreased to 455 mW due to the additional losses associated with the BR plate. By adjusting the rotation angle of the filter, we could attain lasing at 7 other wavelengths. Figure 8 (b) shows sample spectra obtained from the single-wavelength cw Cr:Nd:GSGG laser. The cw output powers obtained at each transition are also indicated in the figure. Laser powers at the 1058 nm and 1061 nm lines are relatively high, as expected from the observed strength of these lines in the emission spectrum. Fig. 9 , the data are plotted starting from the spectrum with the shortest lasing wavelength and the order of the graphs is not correlated with the rotation angle of the BRF plate. Output power levels are also indicated in the figure. In cw two-color laser operation, for most of the transition pairs, the laser was quite stable and by fine adjusting the rotation angle of the BRF, it was possible to vary the power in each transition. The frequency differences between the pairs range roughly between 0.7 THz and 13.5 THz, which potentially facilitates efficient THz generation at a wide spectral range. An interesting point to note here is that, even though the minimum free spectral range that can be provided by the BRF was around 30-40 nm for our case [ Fig. 4 ], we could still obtain two-color laser operation with wavelength separations as low as 3 nm. This finding shows that, as mentioned earlier, for multicolor laser operation one needs to equalize net gain for the oscillating modes by introducing the correct filter function and this does not necessitate use of a BRF with an FSR value that matches the wavelength separation. Moreover, a birefringent filter with an optical axis on the plate's surface can also be used for multicolor operation but it cannot provide the richness of wavelength pairs that we have obtained using an off-axis BRF in this study. With the BRF filter it was also possible to obtain three-color cw laser operation with Fig. 9(b) ]. However, as expected, unlike two-color laser operation the adjustment of the BRF filter angle does not allow free variation of lasers power in each line in this setting since this requires two independent inputs and we have only one. Still, as seen from Fig. 9 [55, 56] report multicolor operation in a few pairs of transitions, whereas in our study we have obtained multicolor operation in 14 different wavelength groups. As indicated before, this is the advantage of using the BRF filter with a c-axis out of the crystals surface, which provides a rich range of filter parameters from a single device. Other approaches such as specially coated cavity mirrors, coupled cavities or two different laser crystals only provide multicolor operation at a few (if not one) wavelength pair. Moreover, the technique that is used in this paper allows easy adjustment of laser power in each line by adjustment of the BRF filter angle. This option is not always available relying on other techniques. Lastly, our setup is flexible to variation in pump power or output coupling, since again the fine adjustment of BRF angle provides a feedback mechanism to cancel out any undesired fluctuations. The results presented here were taken with Cr:Nd:GSGG which was available at the laboratory during the experiments. However the method we present is general and can be applied to any Nd-based gain media as well as other rare earth element doped gain media such as Er, Yb, Ho and Tm.
Multicolor laser operation with Cr:LiSAF
In the previous section, we have presented laser operation results taken with the Nd-based material Cr:Nd:GSGG. In multicolor laser operation, rare earth element doped gain media with sharp laser lines have advantage since the filter parameters should be optimized for two or three fixed known wavelengths. On the other hand, for the transition metal doped gain media such as Cr:LiSAF, laser operation over a broad wavelength range is feasible and multicolor operation requires a more subtle optimization. To test the feasibility of a BRF plate in multicolor operation in transition metal-doped gain media, we have performed detailed experiments with Cr:LiSAF as well. Single-wavelength cw operation results of a multimode diode pumped Cr:LiSAF laser has recently been presented in [59] , and here only the new results involving multicolor laser operation will be presented. In the experiments, the free running Cr:LiSAF laser was producing around 500 mW of cw output around 860 nm at an absorbed pump power of 1.5 W using a 1% transmitting output coupler (while pumping only with one of the multimode diodes). With the insertion of the BR plate, the output powers around 860 nm decreased to the 450 mW level. In single wavelength operation, the laser could be tuned continuously from 770 nm to 1110 nm. It requires two different highly reflective mirror sets to cover all this region [59] . Fig. 10 , the spectra are depicted starting with lasing wavelength pairs with minimum separation and the order of the plots is not correlated with the rotation angle of the BRF plate. Note that the center of the lasing lines are located around 860 nm, which is where the gain of Cr:LiSAF maximizes. Besides the 10 wavelength pairs shown in Fig. 10 , multicolor laser operation could also be obtained at many other pairs; the Cr:LiSAF laser, howevere, was not very stable at these other transition pairs and they will not be presented here. This we believe is due to the broad FWHM gain bandwidth of Cr:LiSAF of approximately 200 nm, which makes stabilization of two-color laser operation more challenging compared to narrow and discrete line gain media such as Cr:Nd:GSGG. First of all, unlike Cr:Nd:GSGG, it was not possible to adjust the wavelengths in multicolor operation: the laser optimizes itself and works at a wavelength pair that cannot be controlled. For example, we have obtained stable two-color laser operation at the 848 nm & 870 nm wavelength pair and obtained an output power of 350 mW. As mentioned the wavelengths are determined by the properties of the BRF, the specific optics used and the laser materials gain properties and therefore, they cannot be adjusted freely. Moreover, with Cr:LiSAF it was harder to adjust the power level in each line during twocolor operation again due to the above mentioned difficulty of broadband gain. However, as the results in Fig. 10 shows the method still works in Cr:LiSAF for many different wavelength pairs. Different BRF designs could potentially be used to attain two-color laser operation at other transition pairs in Cr:LiSAF.
Note from Fig. 10 that the wavelength differences between the operating wavelength pairs are in the 22 nm to 80 nm range. This corresponds to a frequency difference ranging from around 9 THz to 70 THz. Moreover, the average power levels that are indicated in Fig. 10 are the results obtained while pumping the Cr:LiSAF laser with only one multimode-diode, and could be scaled up 3-4 times by applying all the available pump power from the diodes (i.e. to above 1.5 W level) [59] . We also believe that, using this BRF plate, multicolor laser operation is also feasible with ultrashort pulses in either Kerr lens mode-locked or Saturable Bragg mirror mode-locked laser cavities [60, 61] . Lastly, dual-wavelength cw operation has been demonstrated in Cr:LiSAF before using grating controlled coupled cavities [23] . However, the power levels reported were in the order of 10 mW only.
Conclusions
In summary, we have explored the application of birefringent filters as frequency selective elements in multicolor lasers. Our simulation results predicted that birefringent filters with an optical axis pointing out of its surface provide design flexibility in filter parameters and offer access to a very wide set of filter parameters. In the experiments, we have obtained cw multicolor laser operation in many laser line pairs in Cr:Nd:GSGG and Cr:LiSAF materials, in accord with the simulation results. We believe that tilted-axis BRFs should provide efficient and low-cost multicolor laser operation with other laser gain media as well. 
